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In this paper we discuss some results associated with Bipolar valued fuzzy k -ideals of
hemirings. We also define bipolar valued fuzzy k-intrinsic product and characterize k-
hemiregularhemirings by using their bipolar valued fuzzyk -ideals.

1. Introduction

Theory of semirings, as a generalization of associative
rings and of distributive lattice, was introduced by
Vandiver [1] in 1934. The structure was found very useful
in information sciences and theoretical physics [2, 3]. The
semirings with commutative "+" and zero element are
called hemirings. Ideals of hemirings and semirings, as in
rings, play very crucial role. But the ideals of hemirings
and semirings have no analogue results to ring theory in
general. Henriksen [4] addressed the problem and
introduced k-ideals. These ideals have the property that a
k-ideals in a semiring R, turns to ring ideal when R turns
to ring.

In 1965, Zadeh [5] popularized the concept of fuzzy
sets. Since then the concept of fuzzy set has been
extensively used in many branches of Mathematics. The
fuzzification of algebraic structures was initiated by
Rosenfeld [6] and he introduced the notion of fuzzy
subgroups. In [7], J. Ahsan investigated the concept of
fuzzy semirings (See also [8]). The fuzzy algebraic
structures play a vital role in Mathematics with wide
applications in many other branches such as computer
sciences, theoretical physics, information sciences,
control engineering, topological spaces and coding theory

[9].

For a fuzzy set, its degree of membership expresses its
degree of containment of elements to it. Sometimes, the
degree of membership also means the degree of
satisfaction of elements to some property or constraint
corresponding to a fuzzy set [10]. Keeping in view this
notion, the membership degree 0 is in general assigned to
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those elements of the set which do not satisfy some
property. In the usual study of fuzzy set representation the
elements with membership degree 0 are usually regarded
as having the same characteristic. However it is observed
that sometimes such type of thinking does not work. For
example consider a fuzzy set " young ", defined on age
domain [0, 100]. However it seems to be possible that the
ages 50 and 90 both could have membership degree 0, but
both of them have different contrary characteristics, for
example we may say that age 90 is more apart from the
property “young” rather than age 50 (see [11]). In such
cases the usual fuzzy set does not help to differentiate
between irrelevant elements and contrary elements.
Keeping in view these facts Lee, proposed an extension of
fuzzy sets named bipolar valued fuzzy sets (BVFS). In
[12] Jun and song applied the notion of BVFS to BCH-
algebras and in [13] Jun and Park discussed filters of
BCH-algebras based on BVFS. In [14] K. J. Lee, used the
notion of BVFS and worked on bipolar valued fuzzy
subalgebras and bipolar fuzzy ideals of BCK/BCI-
algebras. More recently, in [15] BVFS are discussed in
subgroups. In this paper we discuss some results
associated with Bipolar valued fuzzy k-ideals of
hemirings. We also define BVF k-intrinsic product and
characterize k-hemiregularhemirings by the properties of
their BVF k-ideals.

2.  Preliminaries

For the terms and notions which are not defined, we
refer to [2, 7, 15]. Throughout R will mean a hemiring,
P(R) will mean set of all subsets of R,F(R)will mean set
of all fuzzy subsets of R, LI(R) will mean set of all left k-
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ideals of R, FLI(R)will mean set of all BVF left k-ideals
of R, RI(R) will mean set of all rightk-ideals of
R, FRI(R) will mean set of all BVF right k-ideals of R
and FI(R) will mean set of all BVFk-ideals of R.

2.1  Definition
Let AcR, suchthat A # @. Then the set

A={xeR : x+a; =a, forsomeay,a, cAl is called

k-closure of A.
2.2 Definition [16]

Let A, u € F(R),then their k-intrinsic product is
denoted and defined as

(iz\lﬂ(ai )]A
e oo [(gf((:l)]i
o)

and (A®y u)(x)=0if it is not possible to express x as
x+Zlaly =2_jajb; .

2.3 Definition [17]

If for a hemiring Ris such that for each of its element
r, we have a,b € R such that r +rar =rbr, then R is

called k-hemiregular hemiring.
2.4  Example
Le'g R = No U {c0}. Then for all x,y € R, define the
operations
x @ y = maxifk, y}
and
x @ y = minifi, y}
Then (R,®,Q) is a k-hemiregular hemiring.
25 Lemma[17]
Risk-hemiregular if and only if (iff) for any I € RI(R)
and L € LI(R) wehave TL =1 ~ L.

3. Bipolar-Valued (BVF)  Subsets in
Hemirings
In this section we will introduce the notion of BVFS

of R and investigate some basic properties.

Fuzzy
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3.1  Definition [11]

For any universe X BVFS B of Xis an object of the
form

B={(X,1*(X),u"(x)): XX},
where 2" : X —>[0,1] and x~ : X —»[-1,0].

3.2  Definition

A BVF subset B=(u*, pn”) of a hemiring R is called
BVF k-subhemiring of R if for all p,q,7,s,t € R.

(BY) " (p+a)=min{u” (p). " (a)},

(82) & (pa)=min{"(p). " ()},
(BY) - (p+a)<max{u (p).u (a)}
(B2) p~ (pa) < max{u (p), 4 (a)}-
(B3)s+r=t—u"(s)=min{x’ (r), " (1)}

(B3)s+r=t— u (s)<max{u (r),u (t)|
3.3 Definition
For a BVF subset B = (u*, pu)of a hemiring R,

B € FRI(R)(resp. B € FRI(R)) if it satisfies
(B1), (B), (B3).(B3) and

(B4) " (pa)= " (p)(resp. (B5)x (pa)= ' ().

(B4) 4 (pa) < (p)(resp. (B5)u (pa)< s (q)).
forallp,g eR.

3.4 Theorem
For a BVF subset B = (u*, u”) of a hemiring R,

B € FI(R), Iff B € FLI(R) and B € FRI(R).

3.5 Remark

If B is BVF ideal of R, then it is not necessary that
B € FI(R).

Example 3.6

Let R = {0, s, t}, with addition “+“and multiplication
« " are defined as follows:
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+ 0 S |T - |0 S t
0 0 S |T 0 0 0 0
S S 0 |T S 0 0 0
T T T 10 T 0 0 t

Then R is a hemiring. Now let B = (u*, 1) be a BVF ofR,

defined by
ut(0) = ut(t) = 0.75,u™(s) = 0.55
uw (0) =u(t) =-0.65u"(s) =—-0.43

Then B = (u*, p) is BVF ideal of R, but B is not in
FI(R).

3.7 Definition

Let By = (uf,u1) and B, = (uf,uz) be two BVF
subsets of R. Then the symbols B;VB, and B;AB, means
the following BVF subsets of R.

B, v B, = (max{sy’, 5o} minds;’, 11, })

B, AB, = (min{uy’, 14, 1, max{uy , 14,3)

3.8 Proposition
Let By= (14", 4), By = (13, 113) € FLI(R)( resp.
FRI(R)). Then B; A B, e FLI(R)( resp. FRI(R)).

3.9 Example

Let R ={0,1,2,3,4,5} be a hemiring of residue
classes modulo 6. Now let B; = (ui ,u7), B, = (ui ,u3)
be a BVF of R, defined by

ui (0) = uf (2) = puf (4) = 0.75,
pi (1) =puf(3) =pf(5) =05
pur(0) =u (2) =pu;(4) =
ur (1) =u; ) =u;(5)=-06
and
p3(0) = u3(3) = 0.95,
u3(1) = pz(2) = p3(4) = p3(5) = 0.25
#z(0) = u; (3) = —0.87,
pz (1) = p3(2) = pz(4) = p3 (5) = —0.34
Then B;, B, € FI(R) but B; vV B, & FI(R).
3.10 Definition [3]

For any complex A in X, the bipolar valued
characteristic function is denoted and given by

Ca =(Ca,Cpn), where

CE(x) = 1 ifxeA
A0 if x¢ A
-1 ifxeA
Ca(x)=
Ak) {o if x & A
3.11 Proposition

For a subset A of R, A € LI(R)(resp.RI(R)) if f
Ca€E FLI(R)((resp.RI(R)).
3.12 Theorem

Every BVF k-ideal of R is a BVF k-subhemiring of R.
3.13 Definition

Let B, = (ui,uy) and B, = (uf, u3) be two BVFS of
R. Then

(Bl &, Bz)(x) = ((ﬂf ®, ﬂ;)(x):(ﬂl— ®, ,Uz_)(x))
Where

7AN

7AN

(#f ), ﬂ;)(x)— V

x+2l g =% 1ab

o
o
o

and (ﬂ; ®, ﬂ;)(x):O if it is not possible to express

xasx+xab =3} ab,

x+Z =2 1ab

|
(4 @)= A [
|
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and (#; ®, #;)(X)_O if it is not possible to express
Xasx+Xab =X ab

3.14 Definition

Let B1: (}l1+,}11_) and Bzz (u2+,u2_) be two BVFS of
R. Then B; €SB, iff /'I:|_+ glu; and L DL, .

3.15 Lemma

If B1 = (uf,ul')e FRI(R)) and Bz = (H2+, Hz_) €
FLI(R)).ThenB, ®, B, = B, " B,.

Proof : Let x € R if it is not possible to express X as
n m
X+Zab =X7,c,d; forany a,hb,c;,d; eR, then

(B,®, B,)(x)=0<B,(x)AB,(x)=(B,"B,)(x)

Otherwise,

and

(4 A3 ) (%)= 1) (X) 1133 ()
Iy (Zinzlaibi)/\:ufr (2 —lc]d])

/\,u;( _lab)/\,ug(Z ~Cjd; )

- _{ﬂf(aibi)/\ﬂf(cjdj) }
o nis (aity) A (e )
Zf\i,j{ﬂf(ai)Aﬂf(cj)/\ﬂ;(bi)/\ﬂ;(dj)}'
and
(1 v 22 )(¥) = 1 (x)v 2z ()

m ( _lab)vyl (Z

Hy ( —1ab)Vﬂ2 (2

Jdl)

Jdl)
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Since above expression holds for any ai,b,,cj,dj eR
and for all j, j therefore

(5 A)(X)2 {Aijw(ai)Aw(Cj)}

xestapi=xieid; | AL (D) A g (dj )]
= (/ul+ &y ,u;)(X)

(o vm)¥)s A {v
x+ZLa;bi=2c;d (

= (/“17 ®, ﬂ;)(x)

=B ® B, B B, .

a)va(g )}

) (a1

3.16 Lemma

Let B;, B,, Bs;, B, be any BVFS of R such that
B, = B,.andB, = B,. Then B ®, B, € B, ®, B,.

Proof : If X cannot be written in the form

X+§iaibi :écjdjfor any ai5b|ycj,dj (S R then

(B,® B,)(x)=0=(B,®, B,)(x).

Otherwise since B < B, and B, B, SO

= VA AR <y T2
Hy DMy My S My
and hence forall x € R
/\i,j[ﬂf (ai)/\
(4 ® )= v i (c)~ g (By)

x+2Lab =2 c;d;

Ny (d i )]
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/\i,j[,Us+ (ai)/\
5 (c;) A uy (b)
AHy (dj)]

( k,u4)( )

= Vv

x+Z{Ljaib =2 ¢;d;

and
Vi,j[;u{ (ai)v
(@) )= e )y s ()
x+Zab =21c;d;
vt (d;)]
Vi,j[/u?,_ (ai)v
> A ,u;(cj)\/ﬂi(bi)
x+Z{ g =2Tc;d;
v (d;)1

= (15 ® 17)(%)
=B ® B,cB,® B, .

3.17 Lemma
For a BVF subset B=(u*,uu7) Of R ,BeFLI(R)

(resp. FRI(R)) if for all p,q,r,s,t € R, we have

(1) " (p+0a)= " (p) A 1 (q) and
#(p+a)<u (p)v(A)

(i) c,® B<B (resp.B®, C, = B)

(iii) S+r=t= x(s)> u* (r) Az (t) and
o (s)<p (r)vu(t)

Proof: Let B=(u",u )< FLI(R).Then by definition

(i) and (iii) are true. Now let x € R if it is not possible

to express X as x+zab Zab for any
=1

a, aJ, I,bJ eR,

Otherwise

( R ®, U (X,
(C &, 1" (X

(C®B)()(

u(b)
C. ®,
( # )( ) X+Z] 1a,b Zj 1a { I:/\;u (b ):|}
x+):"1ab =z,ajb { l:/\,u (ajbj)j|}

ﬂ*(éa.b.)

X+Zi 1a,b Z, 1a AL (Za
<v (/f
=1 (x).

and

_ _ u(0)
(Ca® u)(x)= AR { {vy(bi)}}

N { {u (ab) }}
X+ 1ab =37a}b Vi (a

u (i ab,)
> i=1

A
x+ZL =21 a;b; vu‘(Z a’j bj)
j=1
2 /\(/[ (X))
=u (X)
Hence C, ®, B<B .

Conversely, assume that (i), (it), (iii) hold for a BVF
subset B of R, then to prove that B € FLI(R), we only
(X)) = p(x,)  and

have to show that

1 (Xqxp) < (%) forall x,x,eR. So let x,X, eR.

Then by (i)

u" ()2 (Ch & 4 ) (317

= \%
X X0 +Ziaib =2 =18 b

Ani[at @y 6]
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>| 1t (%) /\y+(X2):| because X; X, +0Xy = X; X, vii[Ca(ay)
+ vC, (aJ )v
=4 (%) C, ®, C; )(x =-1
( A B)( ) X+, a,b/\z 1ab Cg (bl)\/
o c: 01
1 (xxg)< (C§ ® ﬂf)(xlxz) Therefore whenever x < AB then
- a i evee)) (C2®.C3) (0 =(Cs5) (0 -1

X +2igait =2 Lga b; (Ca® Ca)(0)=(Cg) ) =—1
<[ l)va ()

because XX, + 0%y = X X,

=4 ().

Therefore B e FI(R).

and if x ¢ AB then
Cis(x)=0.

If possible, let (CA ®, CB)(X) =0 then
3.18 Theorem

A hemiring R is k-hemiregular if and only if for any /\i,j[CX (ai)
bipolar valued fuzzy right k-ideal A and bipolar valued el
fuzzy left k-ideal B of R we have ~Cy (&)
\V4 N . #0
E — AANB. x+Z{a =21, ajb; /\CB (bI )
3.19 Lemma ~Cq (bi )]
Let AB<R. Then C, ®, C, =C, vi [Ca(a)
— vC,la;)v
Proof: Let x € R.If x € AB, then Ct (x)=1 ( J #0
AB ! /\
x+Z b =21 1ab C. (b)V
Cgz=-1
Co (b))

and forx+ia_b_ = i a'b .
=R =N Therefore there exist p;,q;, p;,d; € R such that

Ca(a)=C.(a))=Cg(b)=Cs (b)) =1

C1(3) = Ci (@) =Cs (b) = Ca (b)) = -1 X+ =220

and hence and
(chexcs)(x). A Calp) Acz(pimcg(qi)Ac;(q"i)] #0
(Ca®kCg)(x)= (C50C5)(0) vii [Ca(P) v Ca(P) v Ca(a) v Ca(d)) ] 0
A ICE(a) Then obviously for all I, and J |
AC; (a)) A Ca(p) =Ci(p;) =C5(q;) =C;(a;) =-1
(G2 @) (%)= wstanspap |Co(B) [ ! and
ACs (b)] C(p)=Ci(p)=Cs(a) =Cq(a)) =1
and So for all i, j

CX(pi) :Cg(qi) :1'C/j\(pi) :Cé(qi) =-1
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and
Ca(p;) =Cg(d;) =1,C,(p;)=C;(q;) =-1
p, € A g €B Vi
andp, e A g, eBVj
= x e AB. This contradicts C,_(x) =0

Therefore whenever x ¢ AB then again we have
(CA ®, CB)(X) =0= CE (x)
Hence it is proved thatC, ®, C, =C.

3.20 Theorem
A hemiring R is k-hemiregulariff for any

B, € FRI(R)and B, € FLI(R), we have

B ®B,=B "B,
Proof : Let R be a k-hemi regular hemiring. Then by
Lemma 3.15, B ®, B, = B "B,

For reverse containment, since R is k-hemiregular so
for all a€R, there exist x,x, eR such that

a+axa = ax,a.

Now

(B, ®, BZ)(a)z[

(1’*‘17 ®, ﬂ;)(a)

(/—‘: )y ,u;)(a)’ J

' (ay)

ALY (Cj)
Aty (b))
ZACH

(/J1+ ®y /J;)(a) = \V4 Nij

a+z,ab =27 c;d;

|4 (@) A (a%,)
| i (@) . (2)
Z[M*(a)/\yf(a)/\
#; (3) A 45 (a)

= ()~ (a)]
=(,ufm,uz+)(a).

and

iy (ai)
NN v (c;)
(/ul ®k . )(a) B a+Li":13ier":10jdj o VHy (bl)
_Vﬂz_ (dj )_

(@) v (ax) v sy
(ax) v 4 (a)
<l (a)v e (a)v i, (a)v i, (1)]
=1 (a)v 1 (a) ] = (14 v 1) (2).
Thus
B,~B, — B, ®, B,.
Hence

B,"B, =B, & B,.

Conversely, let A and B be right and left k-ideals of R
respectively, then their characteristic functions C, and
Cgare also BVF right and BVF left k-ideals of
R respectively. Then by hypothesis

C5=C,®C;=C,NC;=C, .
Thus AB=ANB
Hence R is k-hemiregular

4. Conclusion

In this paper we discussed some results associated
with Bipolar valued fuzzy k -ideals of hemirings. We also
defined bipolar valued fuzzy k-intrinsic product and
characterized k-hemiregular hemirings by using their
bipolar valued fuzzyk-ideals. As future work
Characterizations ~ of  semi-simplehemirings  and
Characterizations of intra-regular hemirings can be made
by using different types of bi-polar valued fuzzy k-ideals.
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