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1. Introduction

In 1934 Vandiver [24] introduced semirings,
considering as generalizations of associative rings and
distributive lattices. Since then semirings have been
proved a very strong tool for studying optimization
theory, graph theory, coding theory, theory of automata,
theory of discrete event dynamical systems, matrices,
determinants, generalized fuzzy computation, formal
languages theory, analysis of computer programmes
[5, 6], and the semiring (R, max,+) is the basis for

idempotent analysis [12]. In more recent times
semirings have been deeply studied, especially in
relation with applications, as it provides algebraic
framework for modeling [6]. A semiring with
commutative addition and additive identity is called
hemiring. Hemirings, appears in a natural manner,
in some applications to the theory of automata, the
theory of formal languages and in computer sciences
[1, 7,8, 15].

It is important to note that the ideals of semirings
play an important role in the structure theory of
semirings and are very useful for many purposes.
However, in general, they do not coincide with the usual
ring ideals. Many results in rings apparently have no
analogues in semirings using only ideals. Due to this
problem use of ideals in semirings is limited. In order to
overcome this difficulty [9], Henriksen defined a more
restricted class of ideals in semirings, called K -ideals,
with the property that if a semiring R is a ring, then a
complex in R is a k-ideal if and only if it is a ring ideal.
Another more restricted, but very important, class of
ideals in hemirings, called now h-ideals, was given and
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investigated by lizuka [10]. Fuzzy h-ideals are studied
[3, 11, 14, 20, 27, 30] among others. La Torre [13]
thoroughly studied h-ideals and k -ideals. The notions
of "belongingness" and "quasi-coincidence" of fuzzy
points and fuzzy sets proposed and discussed [16, 18].
Inref.[4], «, B -fuzzy ideals of hemirings are defined.

In 1965, Zadeh [28] introduced the concept of fuzzy
set. Since then fuzzy sets have been extensively used in
many branches of Mathematics. The fuzzification of
algebraic structures was initiated by Rosenfeld [19],
dealing with fuzzy sets of groups. In ref. [2] J. Ahsan et
al. initiated the study of fuzzy sets of semirings. The
fuzzy algebraic structures play an important role in
Mathematics with wide applications in theoretical
physics, computer sciences, control engineering,
information sciences, coding theory and topological
spaces [15, 17, 25].

In 1975 the concept of interval valued fuzzy sets was
introduced by Zadeh [29], as a generalization of the
notion of fuzzy sets. In ref. [14], Ma and Zhan
introduced the concept of interval valued (g,evq)-
fuzzy h-ideals in hemirings and developed some basic
results. In ref. [23] Sun et al. characterized h-
hemiregular and h-intra-hemiregular hemirings by the
properties of their interval valued fuzzy left and right h-
ideals. In ref. [21, 22], author characterize different
classes of hemirings by the properties their interval
valued fuzzy h-ideals, interval valued fuzzy h-bi-ideals
and interval valued fuzzy h-quasi-ideals. In this paper
we define interval valued (cevq)-fuzzy h-

subhemirings, interval valued (e,e v q)-fuzzy interior h-
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ideals, interval valued (e e\ q)-fuzzy prime h-ideals,
interval valued (g, ev q)-fuzzy semiprime h-ideals. We

characterize h-hemiregular and h-semisimple hemirings
by the properties of these interval valued (e evq)-

fuzzy h-ideals.

2. Preliminaries

A non-empty set R together with two binary
operations addition "+" and multiplication is

called semiring if R,+ and R,- are semigroups and

mu ltip lication distributes from both sides over addition,
thatis forall x,y,ze R,

X. y+z =xy+xzand X+y .Z=XZ+Y.Z

An element QeR satisfying the conditions,
0r=r0=0 and O+r=r+0=r, forall reR, is

called a zero of the semiring R,+,- . An element

1R satisfying the condition, 1.r=r.1=r, for all
r € R, is called identity of the semiring R. A semiring
with  commutative  multiplication is called a
commutative semiring. A semiring with commutative
addition and zero element is called a hemiring. A non-

empty subset H of hemiring R is called a subhemiring of
Rif it contains zero with a+beH and abe H, forall

a,b e H . Anon-empty subset | of hemiring R is called

a left (right) ideal of R if I is closed under addition and
raecl ake , for all ael and reR.

Furthermore 1 is called an ideal of R if it is both a left
ideal and right ideal of R. A non-empty subset | of a
hemiring R is said to be interior ideal of R, if I is closed
under addition and multiplication of R and rar |, for
all ael and reR. An ideal P of a commutative
hemiring R with unity, is called prime if
xyeP=>xeP or yeP, forall x,yeR. An ideal

S of a commutative hemiring R with unity, is called
semiprime if x*eS = xeS, forall xeR.

A subhemiring (right ideal, left ideal, interior ideal,
prime ideal, semiprime ideal) | of a hemiring R is called
an h-subhemiring (right h-ideal, left h-ideal, interior h-
ideal, prime h-ideal, semiprime h-ideal) if for all
X,zeR and forany a,bel, from X+a+z=b+z

it follows Xel .

A fuzzy subset A of a universe X ik a function
A X = 0,1.Afuzzy subset of X of the form
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ify=x

t
Y Z{O ify#x

is called the fuzzy point with support X and value t,
where t € (0,1]. A fuzzy point X, is said to belong to

resp. quasi-coincident with afuzzy set A4, written
as X, €A, resp.xgd , if 4 x >t

resp. A x +t>1 ,andinthis case, x, € vgq4

resp. X, e AQA means that X, € 4 or x.q4

resp. x, € Aand xgA .To say that XIEM means that

X,aA does not hold, where & € €,0,€Vv(Q,eAQ
[18].

For any two fuzzy subsets A and M of X, A< u
means that, for all xe X, A(X) < x(X). The symbols

AAu, and Av g will mean the following fuzzy
subsets of X

(A A )(x) = min{A(x), ()}
(A v 1)(x) = max{A(x), ()}

The h-closure A of a non-empty subset A of a
hemiring R is defined as

— {XER|x+a+z=b+zfor}

somea,beAzeR

3. Interval Valued Fuzzy Sets
Let X be the family of all closed subintervals of
0,1. By an interval number & we mean an interval
[a,a"]€X, where 0<a <a" <1. The interval
[a,a] can be identified by the number a €[0,1]. The

element 0=[0, 0] is the minimal element and the ele ment
1=[1, 1] is the maximal element of X, according to the

partial order g, < g, if and only if
a<p,a<p defined  on > for all
a,a |, BB €X.

An interval valued fuzzy subset A of a hemiring R is
afunction 1 : R—»x . We write
A(X) =[I(x),ﬁ*(x)]g 0,1, forall xe R, where
A~, A" are fuzzy subsets of R such that forall xe R,
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0< A (x) < A"(x) <1. Forsimplicity we write
1= [/1*,,11 . Fromnow to onward we will denote the

set of all interval valued fuzzy subsets of R by
3(Z,R).

Let A beasubset ofa hemiring R. Then the interval
valued characteristic function éA of A is defined to be

afunction C, : R— ¥ such that forall xe R

. 1 ifxeA
C, X = .
0 ifxgA

Clearly if Cp e 3(Z,R). Note that C (x)=1 for all
xeR.
An interval valued fuzzy subset of R of the form
t(=0) if y=x
Xy = .
0 if y=#x
is said to be interval valued fuzzy point with support X
and value f. An interval valued fuzzy point X; is said

to belong to (resp. be quasi-coincident with) interval
valued fuzzy subset 4, written as xfe/i (resp.

xqd) if 1 x >f (resp. 1 x +£>1). x evgd
means x. €A or xgi and x eAgi means x el
and xt.q/i. xfa/i means that Xfai does not hold for
a €{g,q,€ vq,e AQ} cf. [14].

For any A,/ e 3(,R), union and intersection of

A and [ are defined as, forall x e R,

AV X :|:/1_ X vV X ,I’(X)V,Lf(x)]
AN X :[i‘ X AfC X ,i*(x)/\u*(x)}

Further for any A,/ e 3(Z,R), A< if and only if
AX)<a(x), that is A (X)<u (x) and
AT (X) < u* (x), forall xeR.
3.1  Definition [23]
Let A, A e 3(Z,R). Then the h-intrinsic product
of A and [ is denoted and defined by

Characterizations of h-hemiregular and h-semisimple Hemirings

/iD ,[l X = \V4 o n n
x+Zilyah +2=2]jab; +2 [/\A an ]/\(/\/3 b; ]
j=1 i=1

for all X€R if X can be expressed as
m n "I H
x+Zlhab +z=%7ab;+z, and 0 if X cannot be
m n "1
expressed as X+ ab +z =27 ab, +z.

3.2 Lemma [23]
Let R be a hemiring and A, B = R. Then we have

(i) Ac B ifandonly it C, <C, .

A

(i) C,nCy=C, s
(i) C,0Cy=Cy

4. Interval Valued ¢ c. q -Fuzzy h-Subhemiring

and Interval Valued ¢ c. q -fuzzy h-Ideals

4.1 Definition

Let ie3(Z,R). Then A is called an interval
valued (e,evq)-fuzzy h-subhemiring of R if it
satisfies:
la. X+y mingt f};ﬁt:xfévaﬂt or yfé\/a/i,
el=xeval or y,eval,

2a. Xy min{t, f}

3a. X+a+z=b+zand

min{f,f}d:afevql or
b.eval,
forall a,b,x,y,zeR and t,r € (0,1].

4.2 Definition

Let Ae3(Z,R). Then A is called an interval
valued (e,ev q)-fuzzy left (resp. right) h -ideal of R if
it satisfies (1a),(3a) and

4a. yX ;A= xevol
(resp.5a. théﬂt:M(tévE]/:t ),

forall X,y € R andte(0,1].
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An interval valued (e,e v q)-fuzzy left and right h-
ideal of R is called interval valued (e ev q)-fuzzy h-
ideal of R

4.3 Definition

Let AeJ(Z,R). Then A is called an interval
valued (e,ev q)-fuzzy interior h-ideal of R if it
satisfies (1a),(2a),(3a) and
6a. Xyzf;i:yféva/i,
forall X,y,zeR and te(0,1].

4.4  Definition
Let Ae3(Z,R), where R is a commutative

hemiring with unity . Then /i is called an interval
valued (e,e v q)-fuzzy prime h-ideal of R if it satisfies
(1a), (3a), (4a),(5a) and

(7a) Xfé/i or yféﬁ,:(xy) eval,

min{t, /}
forall x,yeR andt,r e (0,1].
4.5  Definition

let Ae3(T,R), where R is a commutative

hemiring with unity . Then ﬂt is called an interval
valued (e evq)-fuzzy semiprime h-ideal of R if it
satisfies (la), (3a), (4a), (5a) and

8a) xei= (). eval,
forall Xe R and t € (0,1].
46  Theorem

Let I be a non-empty subset of a hemiring R and
Ae 3(Z,R). We define:

. {<O.5
A X =
1

Then A is an interval valued (e,ev q)-fuzzy h-

subhemiring (h-ideal, interior h-ideal) of R if and only if
| is an h-subhemiring (h-ideal, interior h-ideal) of R

4.7 Theorem

Let | be a non-empty subset of a commutative
hemiring R with unity and A € 3(Z, R). We define:

forx e |
otherwise
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. { <05
A X =
1

Then / is an interval valued (e,e v q) -fuzzy prime

forxe |
otherwise

h -ideal (resp. semiprime h -ideal) of R if and only if 1
is a prime h -ideal (resp. semiprime h -ideal) of R.

48  Theorem

For any Ae3(,R). (a4 through (8a) are
equivalent to (lb) through (8b) respectively,
where

(1b) max{i(x+y),0.5}> minfd &) ¢ )}

(2b) max{A(xy),0.5}> min{l k)1 ()},

(3b) x+a+z=h+z= max{i(x),0.5}>min{i(a), i(b)},
(4b) max{A(yx),0.5}> A(x),

(5b) max{A(xy),0.5}> A(x),

(6b) max{A(xyz),0.5}> A(y),

(7b) max{i(x),A(y),0.5}> 1 (xy),

@) max{i(x),0.5}> A(x?).
Proof We prove (1a) is equivalent to (lb). Other
follows in an analogous way.

(la) = (lb) Suppose (1b) does not hold. Then there
exists X, Y €R, such that

max{A(x + y),0.5} < min{A(x), A(y)}.  Then
we can choose te(0.51], such that

max{A(x+y),0.5} <f < min{A(x), 1(y)}.
This implies (x+y),el but X €AQ and
Y; € AQ, which is a contradiction. So (1b)
holds.

(lb) = (la) Let x,yeR, and t,r €(0,1], be such
that (X+ ), n &4 - Then A(x+y) < mingf, }.
If max{A(x +y),0.5} = A(x+Y), then

min{A(x), ()} < A(x+y) <min{f, ;} = A(x) <f

or Ay)<f=xel or y,el=xevagl or
y.evgd. If max{A(x+Y),05 =05, then
min{A(x), A(y)}<0.5. Suppose x.cAi and
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y.eA, then j(x)>f and ji(y)>f. Thus
f<A(x)<0.5 or F<A(y)<05=x0ql or
yfa/i:n(févaﬂz or yfé\/a/i. This proves
(1a).
By using Theorem 4.8, the following results follow
immed iately.
4.9. Theorem

Let Ae3(Z,R). Then A is an interval valued
(e,ev q)-fuzzy h-subhemiring of R if and only if it
satisfies (1b), (2b) and (3h).

4.10 Theorem

Let Ae3J(Z,R). Then A is an interval valued
(e,e v q)-fuzzy h-ideal of R if and only if it satisfies
(1), 30 , 4b and (5b).

4.11 Theorem

Let Ae3(Z,R). Then A is an interval valued
(e,e v q)-fuzzy interior h-ideal of R if and only if it
satisfies (1b), 2b , 3b and (6b).

4.12 Theorem

Let 1e 3(=,R), where R is a commutative hemiring
with unity . Then i is said to be an interval valued
(e,evq)-fuzzy prime h-ideal of R if and only if it
satisfies (1b), (3b), (4b), (5b) and (7b).
4.13 Theorem

Let }:eS(Z, R), where R is a commutative
hemiring with unity . Then ﬂ: is said to be an interval
valued (e,ev q)-fuzzy semiprime h-ideal of R if and
only if it satisfies (1b), (3b), (4b), (5b) and (gb).
4.14. Theorem

A non-empty subset A of a hemiring R is an h-
subhemiring (h-ideal, interior h-ideal) of R if and only if

C, is an interval valued (g, e v q)-fuzzy h-subhemiring
(h-ideal, interior h-ideal) of R.
4.15 Theorem

A non-empty subset A of a commutative hemiring
R with unity is a prime h-ideal (resp. semiprime h-ideal)

Characterizations of h-hemiregular and h-semisimple Hemirings

of R if and only if C, is an interval valued (e,ev q)-
fuzzy prime h-ideal (resp. semiprime h-ideal) of R.
416 Theorem

Every interval valued (e,ev q)-fuzzy h-ideal of a
hemiring R is an interval valued (e evq)-fuzzy
interior h-ideal of R.
417 Remark

Converse of the Theorem 4.16 is not true in general.
4.18 Example

Consider the hemiring R={0,a,b,c} with the
following Cayley tables

+ |ofa|p|C olal|p|C
0|0|@afb|C 00|00 |0
ajajofcib alo(b|0]|b
b |b|C|0|2 b{0O(0|0 |0
C|Clb|2]o0 Clo|lb|O|Db

Let e 3(Z,R) defined by
A(0) = A(a) =[0.505,0.605], A(b) = A(c)
=[0.205,0.305]. Then A is an interval valued
(e,e v q)-fuzzy interior h-ideal of R, but it is not an
interval valued (e,ev q)-fuzzy h-ideal of R.
419 Theorem

Every interval valued (e,evq)-fuzzy prime h-ideal
of a hemiring R is an (e,ev q) -fuzzy semiprime h-ideal
ofR.

4.20 Remark
Converse of the Theorem 4.19 is not true in general.

421 Example
Let N, ={0}yUN and p, p,, p;,... be the distinct
prime  numbers in N, If J°=N, and

J'=p,p,Ps-P N, 1=1,2,3,..., then

J°5J1' 532 5...0" 53" 5. As every non-
zero element of N, has unique prime factorization, J!

is a semiprime h-ideal for | =2,3,... but not a prime h-
ideal. Then for such values of |, by Theorem 4.15, CJ,

is an interval valued (e,ev q)-fuzzy semiprime h-ideal
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of R, but CJ, is not an interval valued (e ev q)-fuzzy
prime h-ideal of R.
5. h-hemiregular and h-semisimple hemirings

In this section we characterize h-hemiregular and h-
semisimp le hemirings by the properties of their interval
valued (e,evq)-fuzzy h-ideals and interval valued

(e,e v q)-fuzzy interior h-ideals.

5.1  Definition [27]

A hemiring R is said to be h-hemiregular if for each
xeR, there exist ab,zeR such  that

X+ XaxX+z =xXbx+z.

52 Lemma [27]

A hemiring R is h-hemiregular if and only if for any
right h-ideal |1 and any left h-ideal L of R we have

IL=1ANL.
53 Lemma [26]

A hemiring R, is h-semisimple if and only if one of
the following holds:

i. Forall xeR, there exists
c.d.e, f.c,.d eJ,fJeR such that
x+Zcixdieixfi +7 =Zc'jxd;e'jxfj' +2.
i=1 =1
ii. Forall xeR,xeRxRxR.
iii. Forall AcR,Ac RARAR.
5.4  Definition
Let A ae3(S,R). Then we say JAlevqla, if
X €L => X eV Q.
55  Theorem
Let i 4e3(,R). Then Alevqla, if and only if
max{/(x), 0.5} > A(x), forall xeR.

Proof. Let us assume ):[Eva]ﬁ. To prove

max{4(x),0.5}> /i(x). Suppose on the contrary,

there exists xeR, such that
max{/(x),0.5} < A(x). Then for some t,
max{/1(x),0.5} <f < A(X. Then
2(x) <£,05<£,A(x) > = x iz and

x €Agd.  Which is a contradiction, so
max{/2(x),0.5} > A(x), forall xeR.
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Conversely, assume max{/(x),0.5}> A(x), forall

X € R. To prove A[ev q]. Let x[é/} Then
A(X) <t. Now

A(x) < max{(x), 0.5} < max{t, 0.5}.
If max{t,0.5} =t then /i(x) <t :>xfa.
If max{t,0.5} =0.5, then
A(x)+f <05+05=1=>x.gl. Hence x.evq/.
5.6  Definition
Let 1, e 3(S,R). Then we say A~ j, if and
only if i[evq]z and aev q]A.

5.7 Lemma

The relation " ~" on J(X,R) is an equivalence
relation.

58 Lemma

Let e 3(Z,R). Then A satisfies conditions (b) and
(3b) if and only if it satisfies condition

(9b) (A+A)[evqliv0.5.

Proof. Suppose A satisfies conditions (lb) and (3b).
Let xeR. Then

(A+A)X)<(A+AD)(X)v05

=( v Aa)) A A(8,) A A(by) A A(b,) ]vo.s
+(ay+hy )+2=(a,+by)+z

(Aay) A A(B)) A (A(3,) A A(D,) ]v0-5

a1+bl)+z (ay+b, )+

[ max(z(a1+b1) 0. 5)AHVO_5

><+(a1+b1)+z (ag+hy)+2 max(/i(a +b,),0.5)

(al+b1)/\/1(a +b,))v0.5) }05

a1+b1)+z (ay+b, )+z

A(X)v0.5.
Thus (A + A)[ev q]lAv0.5.S0 (9b) is satisfied.
Converse is straightforward.
5.9  Theorem

Let 1e 3(Z,R). Then A is an interval valued
(e,ev q)-fuzzy left (resp. right) h-ideal of R if and

only if A satisfies conditions

T. Mahmood
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o (A+A)[evqliv0s

10b (R0 A)[evqliv0s
resp. (A0 R)[evq]iv05 .

Proof. By using Lemma 5.8, proof of the Theorem is
straightforward.

5.10 Lemma

If A and £ are interval valued (e,ev q)-fuzzy
right anci Ie_ft h-ideals of R respectively, then
(A0 mleval(An f1).

5.11 Theorem

For a hemiring R the following conditions are
equivalent.

(i) Ris h-hemiregular.

(i) (A~p)~(A0 f) for every interval valued
(e,evq)-fuzzy right h-ideal A and every

interval valued (e,e v q)-fuzzy left h-ideal g of
R.

A

Proof. i = ii : Let A be an interval valued
(e,evq)-fuzzy right h-ideal and 4 be an interval
valued (e,evq)-fuzzy left h-ideal of R. Then by
Lemma 5.10, (A0 a)[evql(Aa4). Let XeR. Then
there exist a,a,,zeR such that
X+ Xa,X+2Z =Xa,X+Z.Thus

(/\/{ a j/\(/\,[l bi j/\
=1 i=1

Vi v05

m n

- no. n
><+Za,b‘+z:ZchJ+z []/_\12 C; ]/\[J/_\l,u(d])j

i1 [En

A0t x v05

A X Afiax Af ax)v05}
(

A X A(ft ax vO5)A (4 ax v0.5)}

Characterizations of h-hemiregular and h-semisimple Hemirings

= (Ar@leval(i f)
Hence (A A 2) ~ (A0 f2).

(i) = (i) Let | bearightand J be a left h-ideal of
R. Then by Theorem 4.14, é| is an interval valued

(e,evq)-fuzzy right h-ideal and ¢, is an interval

valued (e,evq)-fuzzy left h-ideal of R. Then by
hypothesis and by Lemma 3.2,

A A

C,=C0C,~C AC, =C,,.

=1=1nJ.
Hence by Lemma 5.2, R is h -hemiregular.
5.12 Theorem

Let R be an h-semisimple hemiring and

A

Ae3(Z,R). Then A is an interval valued (c,evq)-
fuzzy h-ideal of R if and only if it is an interval valued
(e,e v q) -fuzzy interior h-ideal of R.

Proof. It is obvious by the definition that an interval
valued (g, e v q)-fuzzy h-ideal of R is an interval

valued (e,ev q)-fuzzy interior h-ideal of R. Conversely

assume A is an interval valued (e,ev q) -fuzzy interior
h-ideal of R. Let x,y e R. Then by Lemma 5.3, there

exists ¢, d.,e, fi,c'j,d},e}, fj' €R such that

m n

x+ Y cxdexf, +z =" c,xdexf; +z Which implies
i-1 =

n

xy+ > cxdexf,y+zy=>c,xd e;xfy+zy.
i=1 =1

j
Thus
max A(xy),0.5

> min {i(Zci xd, e, xf, yJ , }{ch xde; xfj'yj} v0.5
i-1 -1

> A(X)

A

Thus A is an interval valued (e,e v q)-fuzzy right

h-ideal of R. Similarly /i is an interval valued
(e,e v q) -fuzzy left h-ideal of R.
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5.13 Theorem

The following conditions about a hemiring R are
equivalent:

(1) R ish-semisimple.
(if) For any interval valued (e,ev q)-fuzzy interior h-

ideals 4 and [ of R, Anp~Ail f.

Proof. (i) = (ii) Let A, & be interval valued
(e,e v q)-fuzzy interior h-ideals of R. Then by
Theorem 5.12, ;, ; are interval valued (e,ev q)-fuzzy
h-ideals of R. Then by Lemma 5.10,

(A0 2)[evql(A A ). Nowas R is h-semisimple, so

forany xeR, there exists ¢, d.,e, fi,c'j,d},e'j, fj' eR

m n

, such that x+ ¢, xd,gxf, +z =D ¢, xd e;xf, +z.
i-1 =1

Now

max (A0 2)(x),0.5

>min{A(c,xd,), A(c;xd}), (ext,), (e, xf, )} v 0.5
> mindA(x), 2(0} = (4 A 2)(x)

= (Arm)[evql(A0 f). Hence Ana~Al 4

(i) = (i) Let A be an h-ideal of R. Then A is an

interior h-ideal of R. Then by Theorem 4.14, C, is an

interval valued (e,ev q)-fuzzy interior h-ideal of R.
Then

Cy=(CinC)~C,0 C,=Cy=C .

= A=A
Hence R. is h -semisimple.
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